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Steady State Transmission Line Analysis 


A. Line Equations 

Returning to our transmission line model complete with loss elements, 
we will now consider a very important special case, namely steady state as ex- 
citation. The model, redrawn in Fig. 1, is excited from the left with an ac 


voltage source at frequency w. 


oe ay eis Be rt en 


coaaeed A 


VaaW oc | 


Since all voltages and currents now vary harmonically with time, the ac~- 


tual voltages and currents are found from the rms phasor quantities from the 


prescription 
v(x,t) = V2 Re V (x) Bie (1) 
De mete Re T(x) 2) 
where 
V(x) = [V(x) | e) 8 
T(x) = |I(x) | eI °t 


The differential equations of the line are obtained as in the previous 
case. Now each equation includes an additional term. First, the series resis- 
tive drop across R adds to the inductive voltage drop resulting in 


ey oe (2) 


In the second equation the shunt current through G adds to that through C 
yielding 
oi 0 
~ (3) 


The time derivatives in Egs. 2 and 3 can now be calculated since the time de- 


pendence is known a priori. For this case, using (1), equations 2 and 3 become 


MM oe Ua 
a = -R Be jwL I(x) 
snes 1 (x) (4) 
and a 
aie) -G V(x) - jwc V(x) 


= -Y Vix). : (5) 


a 


= 


Here 
Z=R + jwh : : (6) 
which represents the series impedance, and 
Y = G+ jwc (7) 
which represents the shunt admittance. One should note carefully that Z and Y 
So defined are not related, that is Z is not equal to 1/Y: 
Differential equations for V(x) alone and I(x) alone can be obtained 


from (4) and (5) by the same techniques as previously employed and are 


—— Sere Ay Es (8) 
and ws 

Hees oy I(x) = 0 ‘ah 
where 

y2 = ZY . (10) 

Solutions to Eqs. 8 and 9 exist in the form 
Hix) =v e +7 27% (11) 
Ete ee tee (12) 


_ = =+ ao 
where the V and I are complex phasors. Here again V and I are related through 


Eqs. 4 or 5. For example, using Eq. 4 


ee yates a2 tT fee 
ax 
then, using (10) 
= — 
Yoa Se /4 (13) 
I af ¥ 


Equation 13 describes the characteristic impedance. Using (6) and (7) in Eq. 


iSeresults in 


Zz /RAJWL 


le Wee i” 
yy. Bato sy Cra (14) 


Hence, the characteristic impedance, Z is a complex quantity, i.e., incident 


0” 
voltage, zo and incident current, Te are not in phase in general. However, 
when no losses are present (R=G=0), then Zo reduces to a frequency independent 
resistance, namely VL/C as encountered in transient analysis. 

When the negative x directed waves of Eqs. 11 and 12 (reflected waves) 


are used in Eqs. 4 or 5, then 


V 
== = -Z 4 (15) 
= 0 
Hence the equations for total voltage and current are conveniently written as 
= —+ - -- + 
Vix) =V e *+v e™ (16) 
wv VV +yx 
Pie eC ec (17) 
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B. Propagation Constant 
Let us now examine the nature of the solutions by looking in detail at 


the propagation constant y.. From Eq. 10 
y = VZY 
V (R+jwL) (G+jwCc) 


aie Wee ao ho ae (18) 


Thus, y is a complex number. If now we examine the first term in Eq. 16, one 
sees 
—+ -yx —+ 10x -ax —-jBx 
. Vv ose ke |v | et'V e : (19) 
The actual voltage as a function of time and space is found by using the proce- 


qure given by Eq. 1, e.g., 


+ —+ - j -j 
Val scent) V2 Re V e nee elt e abx 
Sir (0b Li 
= V2 lv. en cos (wt-Bx+6_,) : (20) 


Clearly, Eq. 20 represents a voltage wave traveling in the positive x direction 
and for our line would be called an incident wave. We note that the amplitude 
of this wave decays as e “* as the wave progresses. Hence, a@ = Re y is called 
the attenuation constant. This behavior should be expected since now dissipa- 
tion is present in the line model. The term 8 = Im y is called the phase con- 
stant since it represents the rate at which the phase angle in the cosine term 
changes with distance. That is, for this incident wave, if one holds time fixed 
and samples the wave phase for increasing x, the phase angle decreases as -Bx. 
This phase lag is clearly seen by inspection of Fig. 2. Here a cosine wave is 
traveling toward the right. If time is stopped, and one is at the reference 
position at the present time, then phase angles measured to the left represent 
future events at the reference position, while points to the right represent 
past history and hence correspond to phase lag with respect to the reference 


position. 
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The phase velocity is easily obtained from Eq. 20 by requiring that the 


argument of the cosine function remain constant in time. Thus 


da + 
at (wt-Bx+0,,) = (0) 


or 
dx 
W B at 0 
which yields 
axie- Fey 
ate ‘f ts m/sec. | (21) 


That is, x must be changed at the rate of w/B m/sec to remain at a constant 
phase point on the traveling wave. This can also be seen by comparing Eq. 20 
to our previous general solution in the form 

Vosrt(x—vet) (22) 
If 8 is factored out of the argument in Eq. 20, then comparison with Eq. 22 
clearly indicates that v = w/8. 

Figure 2 also indicates that the distance the wave travels in one period, 
as shown for example as the distance between the crests, is defined as the wave- 
length. Hence 

X = VT 
Sigs eM os (23) 
For free space propagation or air insulated uniform lines, v = c, and 


3x108 


A = mara meters . (24) 
From Eq. 21, one also sees 

W/Ba= EX (25) 
or 

BS Myo  « (26) 


That is, the phase constant always yields a phase change rate of 27 radians per 
wavelength. Equations 21, 23 and 26 are encountered frequently when dealing 
with waves. 

Returning to Eq. 18, let us investigate the propagation constant in some- 
what more detail. Since in a practical case the losses cannot be made zero at 
all frequencies, we anticipate the usefulness of expressions for a and 8 when 
the losses are small. That is, when wL >> R and wC >> G one can expand (18) 


using the binomial theorem, viz., 


Sic nates 
a + jB = jure (2 + aa f + = : (27) 
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and 


2 
g = wie (1 + zz [EB - s| . (29) 


Notice that for R = G = 0, lossless lines, or for high frequencies, Eq. 29 yields 
B = wv¥LC . (30) 
Equation 30 may be obtained directly from (18) with R=G=0. For this case 
u) al 
aa tS = 
B ¢ VLC 


as in our previous analysis. Furthermore, R = G = 0 in (28) or directly in (18) 


(31) 


yields 
a=0O . (32) 
The lossless line approximation is almost always used for high frequency 


applications. 


C. Distortionless Line 


It is very interesting to note from (28) and (29) that for the condition 


R 


G 
aan (33) 
one obtains 
8 = wvLC 
Rs oe On oe 
Sa 
2R 2 


Equations 34 indicate that phase velocity and attenuation are independent of 
frequency. These conditions result in distortionless transmission and are im- 
portant at lower frequencies, for example on telephone lines. Condition 33 is 
accomplished in practice by adding inductance at intervals on the line in the 
form of loading coils. Such lines are called distortionless lines and while 
the phase constant is the same as a lossless line, the attenuation constant is 


not zero. 


Ds Summary 


For the line depicted in Fig. 1, the line equations are 


Se mee 
vieey. ess Soya ls 


+ 

V a V Vix: 

Ag z. ¢ No ae. Pale Y 
0 0 


_ where 


O of the wave 


< 
Il 


steady state phasor amplitude and phase at x 
traveling in the +x direction 


steady state phasor amplitude and phase at x = 0 of the wave 
traveling in the -x direction 


< 
i 


y = propagation constant given by y = a + jB = VZY 


as yt? 


aa 


iste 


Z = series impedance per unit length, R + jwL 


Y = shunt admittance per unit length, G + jwCc 
Zo = characteristic:impedance given by YZ/Y. 


For lossless lines or high frequency excitation 


y = 56 = jJorvLc 


a = 0 
ee he A AS 
In addition, it is always true that 
Vv = 0/8 
fa ges 
and 
6 = 2n7r . 
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E. Transformation of Reference 

As will become apparent, the measurement of transmission line length 
using the load as a reference is far more convenient for steady state excita- 
tion than placing the reference at the generator. To this end we rewrite the 


line equations 


era = 
ae ore oe Via ie 
+ ~ 
V —yx V ax veer: 
eee CArase , 
0 0 
and using Fig. 3, wherein the distance variable S has its zero reference at 
the load, make the substitution x = £-S in Eqs. 35. Hence, for example, 
+ = - + - 
View a yee esl 
+ AY 
= v,e vy an WS 2 (36) 
2 
where 
+ -y ety & 
Vouwiyn, aules, 2 va ae (37) 
1 2 
i : ; 
Ve } ras 21 


) 
; i@——— § ae — St 
ete 1aKoje  S} S-0 
Thus, the first term in (36) represents an incident wave on the line since it 
travels in the negative S direction. We use phasor coefficients Vi and Vo in 
the S system, and they are related to ie and V_ through Eq. 37- 
Let us now describe the input impedance looking to the right at point x 


in Fig. 3. The ratio of total voltage to total current at this point can he 


written as ‘s 


Zz (Ss) = VAS) As 2 ele EPR Vv ae sels 
0 = = a 
IN I(S) + -y eu ave ais 
= ye 5 


V 

= 7 SE De see R (38) 
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Let us examine the cumbersome term Tie eae that, according to Eq. 37) is 
just V,/Vy and would appear to be a reflection coefficient since it is the 
ratio of reflected to incident voltage at the load (i.e., at x = 2 or S = 0). 
This can easily be seen by expressing the load voltage and current by both line 


equations and load equations (Eqs. 35 with x = 2) 


Vi, = a ee +V_ atyt 
+ _ 
V =e V +72 
i, 22 Se (39) 
“Apple 
I L 
Combining Eqs. 39 yields 
| Ee eae lea 
+ = 
wae Ve 2 + 2 
= K ; (40) 


; L 
One sees again that the reflection coefficient, which is the ratio of reflected 


to incident voltage is determined entirely by load conditions and is independent 
of line length. Notice also that the reflection coefficient is a complex number. 


We may now reexpress Eq. 38 as 

iL ap Kk oe e 

2A) DA eran ecaereere: —emep eapreat (41) 
0 -2 

IN 1-K,e ys 


wherein one sees that only load conditions, which determine Ke and distance 
from the load to the point at which Zou is desired are of importance. This is 
why a distance reference at the load is so useful, and why we will use the S 
system for all steady state measurements. Hence the line equations will be 


written as (36) and its companion current equation 


Vi(S) a= Vy ae HEV Bae (42) 
Vv Veet 
pee es ba Sren (43) 
25 29 
and 
Vy 
Boho ae 44 
K, < (44) 


We note from Eq. 42 that the terms represent incident voltage at S and 
reflected voltage at S respectively. Hence the ratio of these terms must be 


by definition the reflection coefficient at point S, i.e., 


a sl K(S) . (45) 


Then, using (44) 
—2 
K(S) =K e ae (46) 
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Hence, the reflection coefficient at any point S is related to the reflection 
reat Se 

coefficient at the load by the factor e ae Inspection of Eq. 41 indicates 

that an easily remembered equation for input impedance is 


toe oe 


ary) = Aber me 


F. Determination of the Line Equation Coefficients 
: The complex coefficients vy and Vv, in Eqs. 42 and 43 represent the un- 
known coefficients in the solution of a differential equation. One would thus 
expect that they can be determined by examination of the boundary conditions 
imposed on the equation solution. At the load boundary we have already deter- 
mined through Eqs. 40 and 44 that 
V Zl: 


ae f 0 q (48) 
: + U 
vi a Zo 
at the generator boundary 
Whe We 
GQ aIN 
0 baa thane ear (49) 
N + 
I 26N He 
Using s = 2 in Eq. 42 then yields 
g =e ORIN 
vy e! ayiowe de a fe - (50) 
2 Z eds 
IN g 


Equations 48 and 50 serve as two equations in two unknowns from which the com- 
Premccefricients Vy and V5 can be determined. In most practical problems the 
equations can be applied in the form given and serve as the Starting point for, 
transmission line analysis. It is to be emphasized at this point that Vie for 
example, is not determined by input conditions alone but rather is a steady 

state coefficient which depends on both input and load conditions. To clarify 
this point, we will digress briefly to show the relationship between steady 


state and transient analysis. 


G. Relationship Between Steady State and Transient Analysis 


Using Eq. 41 in (50) yields -2y2 
Q 2 V Z, (tke ) 
Vila eh hay og Se ae =ey calle (51) 
. + =. 
Z, (i+K,e ) AA Ke ) 
Factoring vie" out of the left side and using (44) results in 
=—2V% 
Ving (1+K,e ) 
—272 
te eY" (14K, ¢ ) Se Say hes (52) 
Zo $22 042 a0) Ke 


Dividing numerator and.denominator on the right by Be a Z then gives 


10 


Vag 

g 0 -y2 
Site 

Gg 0 


Z 


-7, s 

ae g 0 = 20 

a x, (5 +Z | Bd 
g “0 


: (53) 


Equation 53 gives the complex incident phasor coefficient in terms of generator, 
load, and line conditions. 

Let us now attempt to determine vy from the point of view of transient 
analysis used earlier. Imagine a switch in series with the generator of HLG.S 
which is closed at t = 0. At the instant excitation is applied, the input 
voltage is given by 

W/ Zo 


Pea eo oe 
ZNCO jee” Ne PE: Z,, + Z, : (54) 


However, the voltage will not remain at this value since a reflection returning 


Vv 


from the load will soon modify it. If neither the load nor the generator are 
matched, this reflection process will continue and a general expression for the 


incident voltage will be 


Ve 27, Vilez Vg 
+ 0 0 —2 0 = 2 
Eas: A EF er eea ty we hal (Karan: ieee 
"Ae ie Sap e ea atneh Dek Zo+Z ie 
g 0 g 0 g 0 
of Card = -2y2,n : 
Sree de Seeds ec eho 2 (55) 


g dens 


The infinite series in (55) can be summed with the result 


Wh ve 
+ Gam0 ib 
vV=- $ (56) 
Zi tie 2; -2y2 
QO = K_e 
g K. g 
: + 
Using Eq. 37 for V we see that 
Vie Zr 
CN See he 
Z +2) 
coy putench RN he see Raakid 
Vv, og (57) 
OSS ES 
Deg 
Considering that 
Zee 
LL = emer ee 
g g 0 


we see that Eqs. 57 and 53 are identical. We have thus determined the coeffi- 
cient vy from two entirely different points of view. 


Thus, when Eqs. 48 and 50 are used to determine V. and V generator con- 


il at 
ditions are automatically included and there is no need to consider a "reflec- 
tion coefficient at the generator." This latter concept, in fact, has no meaning 
in the steady state since the "steady state" means all transient effects have 


died out. 
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II. Application to Lossless Lines 
A. Analytical Method 
In order to simplify the equations developed in Section I and clearly 

illustrate the theory by application, lossless line examples will. be considered. 
As mentioned previously even though lossless lines are a special case they re- 
present a major area of application since nearly all high frequency.lines may 
justifiably be considered lossless. For lossless lines (R=G=0) 

Jers ur ea a fas 

Y = 38 = jw/Lc 


and the line equations become 


18S -jBS 
V=V, ade ig JB (59) 
V : V : 
: 1 ‘Ss Zt} b> 
I= =e? alae j8 i (60) 
0 net) 


Equations 59 and 60 yield in turn 


Reavis). 1/+ K(s) 
emer (5) 07 Ra |} - Fal Soa 
where ct 
K(S) = K, ares (62) 
and 
: Ae IS 
i 0 
K, = IKI Shoe ie (63) 


By ets. 
Notice that on a lossless line the magnitude of K(S) is always constant and 
equal to [kK], only the phase angle changes with distance. 

Consider the following problem. A steady state sinusoidal source with 
internal resistance of 100 2 is connected to a 3\/4 50 2 line driving a real 
load of 25 2 as depicted in Fig. 4. We seek the voltage and current at all 


points S along the line. To find the phasor coefficients in Eqs. 59 and 60 we 


apply the boundary conditions. From (48) 
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2 L 0 25a = 150 7 
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Fig. 4 
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At the input Eq. 61 gives 


Bon eObn eee (65) 
With K(2) given by (62), 
K(2) = K, Ses 
See IE ae CATA CES 2 
=5O 53 37 (66) 
Eq. ©5 may be evaluated to yield 
Ze = so|t-* 0:33] =1002 . (67) 


Hence, the input boundary condition, Eq. 50, is 


Wh 


V ois ap We eee se: SY 
1 2 Zin + 2 
or J 
3 (31/2) =4 (38/2) 200(100) 
V + Se ee 
iS Youe 100 + 100 
| TIVO) ase hOO oe (68) 
Solving (68) simultaneously with (64) finally yields the desired coefficients, 
: jm /2 
V o=gied5 =-75 Siete volts (69) 
Ve"=)>j}0255= 25 nah Voltews @ (70) 


2 
Let us now examine the voltage solution in some detail. Equation 59 


becomes 
a eee Ee Lee ey pe ee (71) 
Evaluating (71) at the load yields 
V, = 75 NOE OR RC ree (72) 
while at the input (71) gives 
ee /5 So teas ues 8 1001 4 (73) 


Equations 72 and 73 are plotted in Fig. 5 to clearly illustrate that the individual 
components of the voltage, i.e., incident or reflected, when compared at input 

and load ends always have a phase difference equal to the line phase shift, the 
total voltage in general does not. Only when the line is matched or incertain very 


special cases will the total voltage at any two points have a phase difference equal to 


that of the line phase shift. Vine load 
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B. Graphical Method 

It is not always necessary to determine the cwefficients La and V,- In 
many applications a knowledge of the relative voltage and current variation is 
sufficient. In addition, in practice a voltage or current at some point may 
be known from measurment. Hence with such information added to the relative 
variation, the voltage and current become known at all points quantitatively. 

Consider again Eq. 59 factored to read 

ARNE: a + zo *385| : (74) 
: 1 

Using (62) and (44) allows the voltage to be written as 
e511 + K(S)] 


Vo = My 
| eJ PS iy F Ik, | eI 9L e 


-258S 


=" V bi ag (75) 


1 

Since the relative magnitude of the total voltage is determined entirely by the 
bracketed term it is useful to consider it alone. It is clear from (63) that 
for all possible 2, 

Cee eles. 13): (76) 
Thus the term may be conveniently examined graphically by the plot known as the 
“crank diagram" shown in Fig. 6. It is evident from (76) that all possible 
points must lie within a circle of radius 1. Hence one plots the complex num- 
ber K. in polar coordinates and then decreases its angle by 28S when moving 


L 
back along the line toward the generator as demanded by Eq. 75. If we now 


PigeiGs eAuplotyof- bis K(S). 


draw: a vector diagram using the left end of the diameter shown in Fig. 6 as a 
starting point, then the left half of the diameter is the vector 1/0° and when 


K(S) is vectorially added to it we have the sum indicated in the bracketed term 
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of (75). Hence, the voltage magnitude variation is given by the length of the 
vector joining the starting point reference to the tip of the general reflec- 
tion coefficient K(S). Motion on the line cooresponds to rotation of K(S) hence 
the name crank diagram. One should note that relative phase angle can also be 
obtained from this diagram but the term ee in Eq. 75 must also be included. 
It should also be apparent from comparison of Eqs. 59 and 60 that a vector drawn 
from the peareinG point reference to the tip of the vector -K(S) will yield the 
relative current magnitude along the line. 

Suppose now we make such a plot for the example already considered. From 
Eq. 64 we have the necessary information to determine the plot. The reflection 
coefficient of the load, Kr from (64) is shown plotted in Fig. 7. The varia- 
tion of K(s) is now seen to include, starting at the reference point S = 0, one 


and one-half revolutions on the polar chart. The total voltage magnitude, Eq. 


75, is easily obtained as the length of the line joining the reference point 


| 
S=Mey 2p =M, 
629) , 205? SH) 


So CO aes = 


a Pere 
a 


with the tip of the rotating reflection coefficient vector. A plot of the rela- 
tive voltage is shown in Fig.°8, notice that for this problem the actual voltage 
magnitude at all points is readily obtained since the voltage at the input, 
namely 100 volts, is known. 

The current standing wave is also shown in Fig. 8 and was obtained from 
Fig. 7 through the construction 
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Fig. 8 


This construction, of course, gives the relative current variation, however 
knowledge of the voltage and the load impedance allows calculation of the total 
current magnitude. One notes from Fig. 8 that a current minimum occurs at the 
position of a voltage maximum and vice-versa. That this will always be true 
should be obvious from the constructions in Fig. 7. 

The curves in Fig. 8 are called standing waves. The name implies that 
they are stationary in space as opposed to traveling waves. Indeed, they are 
each the result of two traveling waves in opposite directions. Recall that 
the curves represent phasor magnitude hence the time varying voltage and cur- 
rent associated with them does have amplitude variation, however all points 
change by the same factor so that the relative positions of maximum, minimum, 
etc., do not move in space. 

The ratio of maximum voltage to minimum voltage is defined as the voltage 


standing wave ratio, and from the diagram of Fig. 7 is given by 


VSWR 


1 + |K 
“ | uh (78) 
For this exaple VSWR = 2 which is also indicated by Fig. 8. Since we have seen 


earlier that 


Ko. c= V,/V 
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it is then true that 


[k, | er lv.IZiv, | ¥ : (79) 
Using (79) in (78) yields 
VSWR Iv, d aA a (80) 
Ly Rleea lye 


Comparing Eq. 80 with Eq. 59 for the total voltage leads one to the conclusion that 
ue el voltage maximum the incident and reflected voltage waves must be adding 
in phase, while at a minimum these waves are 180° out of phase. Furthermore, 


Eq. 60 indicates that at a voltage maximum the current is given by 


SAA 


* , 
Ro Ro 


(81) 


hence, the voltage and current are in phase and the input impedance must be 
real. The same is true for a voltage minimum. We shall return to these con- 
clusions shortly. . 

The standing waves of Fig. 8 are not sinusoids, and, in general, standing 


waves are not sinusoids. This can most easily be seen by examining the magni- 


tude of the bracketed term in Eq. 75, i.e., | v| normalized with respect to lv, {- 
lv jo 
ara F + Ik] e | (82) 
1 
where 


8 = - - 28S 
The desired magnitude in (82) becomes 


lv 
|v 


L cosé)* + ( K, sind) 


= ¥l + rae + 2[K, | Gos@ =. (83) 


Clearly Eq. 83 does not represent a sinusoidal variation of magnitude with S. 


LEIS 
1 


This should also be apparent from the crank diagram of Fig. 7 wherein one sees 
that in general, the minima are sharper than the maxima. 

Equation 83 does represent a sinusoid for two special cases, an open 
circuited and a short circuited line. For the open circuit, [K,| = 1 and 6 = 


-28S, hence, Eq. 83 yields 


lene V2 + 2 cos 28S = 2 koses| . (84) 


IY | 
For the short circuit, IK | = 1] and 6 = 7 - 28S, hence, Eq. 83 now gives 


ee ee pines| (85) 
17 | 


These results are plotted in Fig. 9 where one sees that VSWR = ~ for both cases. 
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C. Instantaneous Standing Wave 
The phasor expressions for the standing waves developed to this point 

only give the envelope of the instantaneous standing wave, i.e., the reading of 
an ac meter. Let us take, for example, the open circuited line case and examine 
the line voltage as a function of time and space. Given that 

V(S) = 2V, COSBSeerms voles” > (86) 
we determine 

v(S,t) = 2v2 lv, cosBs cos (wt+6,) . (87) 
Thus, it is seen that the instantaneous voltage has the same spacial dependence, 
however, its amplitude varys with time. Equation 87 is shown plotted in Fig. 10 
for five values of (wt+6,)- Notice the angle ory from the line voltage coeffi- 
cient vy merely shifts the time reference. Clearly the maxima and minima are 
stationary in space and the rms envelope of the instantaneous voltage is the 


phasor standing wave. 


Rizla fyy tee 
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LT (wt+67)> = 0 

2 (wtt6)) = 1/4 
3 (wt+6,) = 7/2 
A (wt+6,) = 30/4 
5 (wtté;) = 17 


Fig. 10 


\ 

ry a 
he 

ri 
acv8 


= 
Mat 


0 


oa 
‘ ‘ 
* ‘ , 
an whe 
% ‘ Oi , 
\ Siplel , 
/ oe 
e ¢ 
bon 
1 nl 
ee 


t ; ; x aie eG 


iS) 


D. Input Impedance, Graphical Considerations 
It has been shown that the input impedance can be described by 


i 1 + K(s) 
a TN de BO | i= a aie 


One notes that Eq. 88 is just the ratio of V(S) to I(S). Since the numerator 
and denominator have each been interpreted graphically it is a straightforward 
matter to extend these ideas to impedance. Equation 88 demands a one to one 
correspondence between K(S) and Zs (S) so the plot of K(S) used previously can 
be used to determine impedance. For example, from Fig. 11 which shows K(S) 

and -K(S) one can find the magnitude and angle of the complex Zon (S) by forming 
the ratio of the vectors 1 + K(S) and 1 - K(S). While this is useful we shall 
see shortly that a related plot, the Smith chart, is a more convenient approach 


for obtaining quantitative results. 


210 = 


However, from Fig. 11 it is quite helpful for understanding the Smith chart to 
recognize that, as dictated by Eq. 88, the horizontal diameter of the circle 
must correspond to real values of Zo since the angles of 1 + K(S) and 1 - K(S) 
are both zero. (It is also interesting to note that all points on the horizon- 
_tal diameter correspond to either minimum or maximum voltage of the standing 
wave.) In addition, the left hand end of the diameter must be Z5N = 0 while 
the right hand end is Zon =o, It can further be said that all Zon lying with- 
in the upper semicircle will have positive angle while those in the lower semi- 
circle will have negative angle, and, in fact all points on the upper circum- 


ference will have angle +90° (Xi), while those on the lower circumference will 


have angle -90° (XQ). Since a one to one correspondence between K(S) and Zon (S) 
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exists (Eq. 88), and since we know that a full rotation of K(S) on the crank 
diagram corresponds to a distance S- such that 
2BS . = 27 radians 
or 
1 


r 
Spe = B = > meters , 


we must conclude that Ss. represents the impedance repetition length. That is, 
the impedance must repeat at A/2 intervals since this distance corresponds to 

a complete rotation on the crank diagram. One concludes that a knowledge of 

the impedance within a half wavelength of line is tantamount to a knowledge of 
impedance everywhere on the line regardless of its length. These considerations 


will be expanded upon when the Smith chart is discussed. 


E. Determination of Unknown Impedance 

At high frequencies it is often impossible to measure impedance with a 
bridge or by other low frequency techniques. Such high frequency measurements 
are conveniently made using transmission lines. For example, suppose it is de- 
sired to determine an unknown load impedance connected to a transmission line. 


Equation 88 specialized to the load position yields 
Zz - (Z| Mee 


Hence to determine Z,, it is necessary to determine the magnitude and angle of K- 
We have already seen in Eq. 78 that the magnitude of Kk. is related to 
the standing wave ratio, so solving (78) for IK, | 


VSWR) el 
i (90) 
Hence, by a relatively straightforward measurement of VSWR on the line half our 
problem is solved. One should note that quantities such as VSWR lend themselves 
to easy measurement since no absolute voltage calibration is necessary to meas- 
ure ratio. Consideration of the crank diagram will show how the angle or, can 
be measured. Figure 12 shows a line and its associated crank diagram. The dis- 
tance S, is the distance from the load to the first voltage minimum on the 


IN 
line, and its corresponding relation to the crank diagram is also shown. From 


the diagram it can be seen that 


= Ss = -7 (91) 
or, 28 MIN 
so that 


im oy 92 
2 BSut Up. 90 | (92) 
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Bigesi2 


Equations 91 and 92 thus allow determination of the complex reflection coeffi- 
cient of the load by two easily performed measurements namely, VSWR and distance 
to the first minimum voltage from the load. 

With a knowledge of complex K obtained as outlined, it is now possible 
to determine the unknown Zr, through use of Eq. 89. It must be emphasized at 


this point that not only has the load impedance been determined, but because 


Spy 
i<(G) 4k UE in Eq. 88 is also now available for any S, the impedance at 


L 
every position on the line is now known. 


F. Power Considerations 

As has been pointed out earlier, the "incident wave" of steady state 
analysis is not the same as the incident wave of transient analysis. Although 
the two can be related since the steady state wave is the sum of all the tran- 
sient incident waves, it is incorrect to imagine that the steady state and 
transient incident waves are one and the same. Now since a transient analysis 
incident wave is in fact a localization of energy or at least an."energy front," 


it is valid to associate a power flow with such an incident wave. Hence, the 
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trap is set to do the same with a steady state incident wave and herein lies 
the problem. It will now be shown that in the steady state, the association 
of power flow as so-called "incident power" or "reflected power" has limited physi- 
cal meaning. While these terms may have usefulness, they are mathematical 
concepts and great care must be exercised in their application. 
Consideration of the expressions for voltage and current on a transmis- 
sion line naturally leads one to imagine that the product of incident voltage 
and incident current must be the incident power with the same ideas holding 


true for the reflected waves, i.e., 


Pinc ~ “inc Tine 
= ane (93) 
Ro 
Vet Aree pee 
(oly)? 112 Wy, 12 * 
Ro Ro 


Obviously the complex powers in Eqs. 93 and 94 turn out to be real so some spe- 
cial interpretation must be in order. (That they are real is no surprise, since 
is always in phase with I 


on a lossless line Vy C because the characteristic 


NC IN 


impedance is real.) 

Let us examine the following problem to see the danger in assigning a 
physical meaning to these individual powers. Consider a transmitter driving a 
transmission line connected to an antenna. Suppose some mismatch occurs at 
the antenna, a common situation, then according to (94) a reflected power is 
created. What now becomes of this power? Is it absorbed in the output impe- 
dance of the transmitter? Suppose the output impedance is zero, then what? It 
is not the "reflected power" that is causing the problem, but rather the con- 
cept that reflected power represents average power flow towards the input. 

We now calculate properly the transmission line power by forming the 
product of total voltage with the conjugate of total current, viz. 
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Clearly the average power is 
= * 
PavG Re VI 
lv, |? 
Ro 
By comparing with Eqs. 93 and 94 one sees that indeed the average power is the 


ag Sd (96) 


difference between the "incident" and "refelcted" powers. The average power 

has physical meaning, but to focus one's attention on either term in the average 
power to the exclusion of the other may be erroneous and lead to unanswerable 
questions such as posed earlier. 


The reactive power is obtained from (95) by 


Pp = Im VI* 
react ! E | : 
~ ZAIN I 
is ls eee OU 
= - Ry Sin (2BS~$, ) 
Bi vili2 [x | 
1 : 
= R, sin($,-28S) : (97) 


This term represents the reactive power delivered to the load and to energy 
storage on the line. Notice that the angular dependence in the argument of the 
sine function is identical to that in the standing waves. For a real load which 
accepts no reactive power but is mismatched to the line one notes that the re- 
active energy storage still exists and a net reactive power flow is found at 
each point. When the line is matched, IK, = 0, and the reactive power flow 
term disappears. Energy is still stored on the line, but now inductive and 
Capacitive storage are equal and the net reactive power flow is zero. 

One final point may be made from the observation of Eq. 96. It appears 
that tele could be considered a power reflection coefficient. Indeed this is 
useful for making average power calculations but the term 1 - [x |? is the one 


with physical meaning and not [K1? alone. 


bs iere se FL. 
; : ’ uv 
z e = F .: wr (zeit tLiny 
‘: (PEK > 
3 s 
| at Peony, Cases 
a * Yara) ns hai 
; ~” he : tine ge le ¥ (aa) rye s Fe 1 liked 
ro ae oa aaah oe 3 
. oe ot a Pair ited > hy, rs Pa - nl } as ay TaEa 
ee | - ’ we 24 am, eet OD ral 


KK onawe® z 
The Smith Chart 
2s Theory 
The expression for the input impedance of a time harmonically excited 
lossless transmission line has been derived as 


1 + K(S) 


Zo (8) = Roly — Ks) 


(1) 


where 
K(S) = IK, ek Aone a 

Thus, as has been pointed out, a one to one correspondence exists between re- 
flection coefficient at some point S, K(S), and the input impedance at that 
point. Since we have seen from the crank diagram that all possible reflection 
coefficients for any given line can be plotted within a circle of unity radius 
it must be also true that all possible input impedance loci could be plotted 
within the same circle. Such a plot is called the Smith chart after its in- 
ventor P. M. Smith, and the equations for the impedance loci will now be 
determined. 

Figure 1 shows a typical reflection coefficient plot wherein the reflec- 
tion coefficient is most conveniently plotted in polar coordinates. For rea- 
sons that will become apparent, the impedance loci are most conveniently plotted 


in rectangular coordinates so for this reason a rectangular coordinate axis 


system, ut+jv, has been superimposed on the polar chart. 


(Nm 


Fig. 1. Plot of K(S)-. 


For the purpose of producing a general construction, one that will be 
useful for any line, it is necessary, to normalize all impedances to the charac-— 
teristic resistance. That icy ne so-called "reduced impedance" or "per unit 
impedance" is defined as 
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Then using (2) in (1) the normalized impedance becomes 
Lo+7K(S) 

1 - K(S) 

which when solved for K(S) yields 


ERA East 
K(S) = a(S) wot (4) 


Z:(S) = (3) 


We may now express both sides of (4) in rectangular coordinates which gives 


Aloe ete eae sb ae ee | 
u+ jv = (5) 


If the real and imaginary parts of (5) are equated the resulting two equations 


are 
r?2 = Pet 2 
=o Eee Pata eae Ee 
WS (rite 4x (6) 
aoe 2x’ 
(etl)? + x72 Be 


Since we seek impedance loci expressed in the u+jv coordinate system, we elimi- 
‘nate first x’ between Eqs. 6 and 7 to obtain an equation for the reduced resis- 


tance loci. After completing the square this equation becomes 


r! 2 2 al 2 
pe oe + = —— : 
E r’ + il . | : (8) 
Similar manipulations to eliminate r’ between (6) and (7) give 
ti 1s} 
(u-1)2 + = L = 2,| : (9) 


We shall now examine Eqs. 8 and 9 in some detail. Equation 8 will be 


recognized as the equation of a family of circles with centers 


td 


iG 
and radii 
radii = =~ (11) 
C= arr a 


Since r’ is bounded by 

OM ta Ge) 
it follows from (11) that 

Guseradia, <j) 5.5. (12) 
Let us determine the constant resistance loci for several examples from Eqs. 10 
and 11. For the following four values of r’ the data are calculated and the 
results plotted in Fig. 2. One notes that all constant resistance circles lie 
within the unity radius circle of Fig. 1. One should also note that the cir- 
cumference of the unity radius circle corresponds to r’ = 0, a point that was 
observed earlier when it was determined that this particular circle must cor- 


respond to pure reactance. 
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center 


Pigvee 


Let us now examine Eq. 9 which will also be recognized as the equation 
of a family of circles. For the constant reactance family the circles have 
centers . 

i u=ti, pre] / x! (13) 
and radii 

radii = 1/x’ . (14) 
Since x’ is bounded by 

—™ ¢ x’ <@ 
&. «0s. the radii take on values 

Orenradii. <).° 
while the centers move along the line u = +l from v = ~ to v = -”. The data 
for several examples are presented in the table and plotted in Fig. 3. It should 
be noted from Fig. 3 that the constant reactance circles of Eq. 9 do not lie 
entirely within the unity radius circle, however, only that portion of each cir- 
cle that does lie within this circle need be plotted since it has been deter- 
mined that all possible impedances on the line correspond to reflection coef- 
ficients which must lie within,the unity radius circle. It should further 


be noted that the horizontal axis corresponds to 


~Tape_ 
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radius center 

boosh 0 u iff 
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Vi => 00 
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x’ = 0 as we have seen previously. In ehaieion the upper half of.the plot in- 
cludes all positive reactances while the lower half includes all negative reel 
actances. By superimposing Figs. 2 and 3 one also notes, as was previously 
pointed out, that the left hand end of the horizontal axis is the point Zz’ = 


vr’ + jx’ = 0 while the right hand end is 4’ .= xr’ + jx’ = ». 
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B. Input Impedance Example 

As a typical example consider use of the chart to determine input imned- 
ance. One should always keep in mind that the chart is just a graphical display 
of the transformaticn given by Eq. 3. That is, a superposition of a graph of 
K(S) onto the graph of Zon (S) » Thus the direct relationship of K(S) to position 
on a physical transmission line given by the crank diagram links every point on 
the Smith chart to distance from the load on the actual line. Given the line 


shown in Fig. 4 we seek the input impedance at Tiles 45 cm. For this problem 


the logical starting point is the load, hence we calculate 


Ge Ey, 
KM 2 let sk 
“ap 0 

_ 100 - j 100 - 50 


TOO s+ 534G1.0054+950 
eased ay eh eee Sige 


; Then 


$, = -29.6° . (15) 
+ S00 mHe ee 
ake > "3 Vom |eee ap : 
Ko = Eos — ~ 1007 

ou: ati aN aR Ca aR acer 
Zin | =f 

asf = 45cm ——__¥ 

ate ares 
Fig. 4 


The vector given by (15) is plotted in Fig. 5 and thus K has been lo- 
cated. One should note that p 3 specialized to the load (S=0) yields 


; site 


Z ny (=) a Z = (16) 


Since the Smith chart also “LS the fransformation given by (16) the given 
load impedance must be directly linked to Ko: Indeed in Fig. 5 one notes that 
the plotted point corresponds to Z' = 2. - j 2 which is the reduced load impedance. 
Hence when the load impedance (or any other impedance) is given, there is no need 
to perform the calculation of Eq. 15 since it is most easily accomplished 


graphically. 
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To find the input impedance we now must locate the vector K(S,) where 


ewig ie cereal, (17) 


That is, add negative angle 28S, to the angle of kK: For this example i = 60 


cm, so 
27 


26S, = 2 é0 7 


3m radians; 540° . 

Thus, moving away from the load (toward the generator) a distance of 45 cm or, 
as is common practice to state, a distance of BS, = 270 “electrical degrees" 
corresponds to a rotation of the reflection coefficient vector through a clock- 


wise angle of 540 polar degrees. This point is also plotted in Fig. 5 and the 
7 
IN 


5 bo : 
Zon (51) =<"OL25scey 702.25 7 


Hence for the 50 2 line the input impedance is 12.5 + j 12.5 2. One shouid 


corresponding Z is seen to be 


note that the reverse transformation is also possible and often times very use- 
ful in practice. That is, given the input impedance, what is the load imped- 
ance? Obviously all that is necessary is to locate the reduced input impedance 
and hence its corresponding reflection coefficient, rotate through a, counter- 
clockwise angle corresponding to the line length (28S polar degrees) and locate 


thereby the reduced load impedance. 


C. Inverting Complex Numbers 7 

It is often required in transmission line calculations as well as in 
other completely unrelated applications to obtain the inverse of a complex num- 
ber. This inversion is quickly accomplished on the Smith chart and the. reason 
for this can be seen by inspection of Eq. 3: 


1 + K(S) 
1 - K(S) ee 


Zo (S) = 
One notes that since K(S) is a vector on this chart, then 

Kisjzel" = -K(s) ; (18) 
so a rotation on the chart of 180° polar locates the negative of the reflection 
coefficient. Now inspection of Eq. 3 reveais that this 180° rotation also cor- 


responds to 


1 - K(S) ili 
Ls ° = = >> a 19 
Zo (S+180 ) 1+ K(S) 27 (5) (19) 


Hence, to invert a complex number, one plots it on the chart and then rotates 


the vector corresponding to the point through 180 polar degrees. The new point 


so located will be the complex number inverse. This simple procedure provides 
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a wide variety of possibilities to aid in transmission line calculations be- 
cause it allows one to quickly convert from reduced impedance to reduced admit- 
tance. Thus systems with parallel elements are easily handled. In fact the 
Smith impedance chart is also the Smith admittance chart since a 180° rotation 
accomplished the transformation. 

When one works with admittance it should be noted that the normalization 
procedure is different, although of course, related to the impedance normaliza- 
tion. Since 
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D. Shunt Element Example 

Consider the problem of determining the input impedance of the line shown 
in Fig. 6. We now have a shunt resistor at 12 cm from the load and seek the in- 
put impedance at 6 cm beyond the shunt element. This Seoul en and many like it 
are easily handled by the graphical technique with the added feature of simple 


conversion between impedance and admittance. 


foo L 


L~h 


— osu 


k-—— S$a2bcm cer we Cee S$) 2 120m ——— 
Fig.2.6 


We begin at the load by plotting the reduced load impedance, 2 - j 2, in 
Bigaie. cnis Ze is now converted to the Zon at 12 cm by a clockwise rotation 
through 28S = 2(360°/60) 12 = 144 polar degrees. This yields a reduced input 
impedance just to the right of the 25 2 resistor of 0.23 - j 0.06. Because we 
now need to combine this impedance with that of the resistor it is convenient 
to convert to admittance. Through the 180° rotation ane we find the Yon (81) 
to be 4.1 + 30.8. We now determine the conductance of the resistor to be 
1/25 mho and through Eq. 20, G’ = 2. Hence the combination of the resistor and 
the line to the right yields a total reduced admittance of 6.1 + ]j 0.8. This 
point is plotted in Fig. 7 and now becomes the effective reduced load admittance 
for the 6 cm line. This addition is done graphically by moving along a constant 
susceptance circle. Note that the reflection coefficient magnitude and hence 
the VSWR is different on the two line sections. 

We proceed with the second part of the problem by transforming this new 
load admittance to the input by a rotation through 28S, = 72 polar degrees. 

This results in a reduced input admittance of 0.5 - j 1.3. .Since it is the in- 


put impedance that we seek, a 180° rotation produces Or 2ort) } .O0S-, Finally the 
required input impedance is 50(0.25+j 0.68) = 12.5 + j 34 Q. 


E. Determination of Unknown Load Impedance 
We have already considered the problem of determining impedance from line 


measurement data by calculation. Use of the Smith chart now makes those 
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calculations unnecessary. The problem posed earlier of determining Z. from 


\vl 


measurement of VSWR and Su is reproduced in Fig. 8. 


IN 


/ 
: 


Fig. 8 es Coen ssc 


We digress briefly to develop two important relationships between VSWR 


and impedance. Recalling Eq. 1 for input impedance in the form 


oh yet: K (S) 
Orne ryt - oS (1) 


and remembering from the crank diagram that $ - 28S = 0 at a voltage maximum 
and ¢ - 28S =-m at a voltage minimum (Fig. 7, p. 14), we can then say that at 
a voltage maximum 


ere | 


4INvax ~ earl ' (oy) 


while at a voltage minimum 


Lemar Re] 
ZINurN = Ro feet : (22) 
Ths use of Eq. 78, p. 15, then converts Eqs. 21 and 22 into 
ZINway = Ro VSWR ) (23) 
ZINuin = Ro/VSWR - (24) 


We have already seen that the impedance at a maximum and a minimum is 
always real, but Eqs. 23 and 24 show in addition that it is simply related to 
the VSWR. Note that the reduced impedance at a voltage maximum is then 

Zinmay = VSWR» (25) 
so that the reduced resistance values on the right hand horizontal diameter Of 


the Smith chart may also be read directly as VSWR. 


9 


Now returning to the impedance measurement problem, let us bear in mind 
the fact that any line is a complex impedance transformer and that the trans- 
formation is given graphically by the Smith chart. Hence knowledge of the im- 
pedance at any point on the line is tantamount to a knowledge of the impedance 
everywhere, including the load. Since we now have a simple way of determining 
the impedance at a minimum (Zo. = 1/VSWR) we can readily find the load impedance 
if the distance from the minimum to the load is known. A minimum is chosen in 
practice rather than a maximum since the minima are narrower and greater precision 
is possible. The reduced input resistance at a minimum will always plot on the 
left hand horizontal diameter and then a rotation through 2BS yin polar degrees 


in a counterclockwise direction will locate the reduced unknown load impedance. 


F. Unknown Load Example 

Suppose it is determined from measurement that the line VSWR is > and 
the distance from the first minimum to the load is 15 cm. In addition, take 
the wavelength to be 80 cm, and the characteristic resistance to be 75 2%. 

We begin by determining the reduced input resistance to be 1/5 = 0.2 
and plot this point in Fig. 9 on the left horizontal diameter. The distance 
to the load now is 8S = (360/80) 15 = 67.5 electrical degrees or 28S = 135 
polar degrees. Rotation through this angle in a counterclockwise direction is 
shown on the graph yielding the reduced load impedance to Dev ead. 
Hence the actual load must be 

zy = 75(1 21-9, 1.9) 
= 82.5 -j3 142.52 . 
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Transmission Lines as High Frequency Circuit Elements 


A. Introduction 

A transmission line terminated in a pure reactance or an open or short 
circuit behaves as an energy storage device and can have impedance properties 
identical to those of lumped element resonant circuits. Consider, for example, 


the standing waves of voltage and current on a line short circuited at the load. 


Since the reflection coefficient of the load is l AUS the voltage becomes 
Vera y errs + Vo eee 
= j 2v, sinps . (1) 
Under these conditions the line current becomes 
V ‘ , 
R 
0 
= 2 Vj/®o cosBS J (2) 
Equations 1 and 2 expressed in the time domain become 
v(S,t) = 272 lv, sings cos (wt + apts 8,) (3) 
2/3 |v, | 
31S, 6) Sore ee cos8S cos (wt+6, ) ‘ (4) 
0 


One sees from Eqs. 3 and 4 that the voltage and current are 90° out of time 


phase as required for an ideally infinite Q resonator. 


B. Quarter Wavelength Line 
Let us examine the input impedance of a transmission line shorted at 


the load end. For such a line the input impedance is given by 


a e+ KS) 
Aone no a 


-42 
ae a 
ih 20 lel ato RS 
l+e uPA 
= j Re tanBS . (5) 


At the frequency, Eqe for which the line is just a quarter wavelength long, 

BS = 71/2, Eq. 5 (or the Smith chart) yields the value infinity. Consider, now 
excitation of the same line at frequencies somewhat below £,. Now the wave- 
length has increased and the line is now somewhat shorter than A/4. That is, 
BS < 1T/2 and Eq. 5 (or the Smith chart) yields large values of x for the input 
impedance. If now the excitation frequency is increased above Eat the line be- 
comes longer than A/4 and the above equation gives large values of Xo for Zon" 
This behavior is identical to that of a parallel LC circuit in the close vicin- 


ity of resonance. 
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If now the line section is open circuited, considerations similar to 
those above lead one to the expression for the input impedance as 
Z = -j : 
IN j Ry cotBs (6) 


This expression (or the Smith chart) gives zero for the 2 at for and below 


IN 


fo Zon takes on small values of capacitive reactance while above fo small values 
of x are found. This is easily seen from (6) by writing 
; TLE 
ae be Ry cot(3 a (7) 

where the substitutions rd G 

5 PR a PRES S 0 () 

= ant Se ’ so = = 

A Yo 4 af) 


have been used. One attributes this type of behavior to a series LC circuit 
and hence the terminals of the open quarter wavelength line are equivalent to 
those of a series LC circuit in the proximity of resonance. 

Quarter wavelength lines are also used for matching resistive loads. 
For an arbitrary load the quarter wavelength input impedance becomes 


+ K(S) 
- K(S) 


fe 


(Sy ; 
/Z = RO/2, : (8) 


is real, then the input impedance is also real and is 


ag 


1 
ps) 
oO 
——1 
Hie 


If the load, Zo 
agate 
| Benge Sasha (9) 
Equation (9) allows one to convert an>arbitrary load resistance into the charac- 
teristic resistance of a driving line by properly choosing the characteristic 
resistance of a quarter wavelength matching section. Fig. 1 shows such a sys- 


tem in which Ro = YRo Rp: 


Co aa Ko = [er 


a ee 
j-—_———_—- Ny ———— 
ine ieel Fig. l 
Quarter wavelength lines are also used as supports for transmission 
lines which in turn are only used over a narrow frequency range. .Since Eq. 5 
yields an infinite input impedance the quarter wavelength section is an open 
circuit at its terminals and can be used, as depicted in Fig. 2, as a very stable 


‘mechanical support. 
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balawced \ 


Pigare Lika ae 
(ee Half Wavelength Lines 

For line length in the vicinity of 4/2, Eq. 6 may be written, using the 
technique employed in Eq. 7, as 


Z =-j R cot (m£/f )) ' (10) 


IN 0 
i.e., here S=A 0/2 =v [2f)- Hence Eq. 10 describes tiie input impedance of 


an open ener line rene the frequency fy for which the line is one half 
wavelength long. Recalling the behavior of cotangent near 7m one sees that 
this line is equivalent to a shorted quarter wavelength line. In a like man- 
ner, it is easy to see that an open quarter wavelength line is identical in 
pehavior to a shorted half wavelength line. 

The possible resonator configurations described above allow the high 
frequency circuit designer considerable freedom in choosing the righevcircuLt 
for a given application. In addition, since open circuited lines are not de- 
sirable since the open end has fringing fields which tend to couple to other 
circuits, these lines are somewhat .foreshortened and terminated in capacitance. 


If this capacitance is made variable then an additional feature results, in that 


the electrical line length becomes adjustable. 


D. Filter Applications 

As an example of the use of low loss transmission line elements with 
capacitive loading, the following excerpt from Hewlett-Packard Journal, February 
1974, is included on the next page. One should ‘note that for such filters the 
choice of Ro is important. The impedance level attainable in the antiresonance 


condition (parallel resonance) is directly proportional to Ro: 
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Laboratory Notebook 


Sharp Cut-off Filters for That Awkward UHF Band 


With discrete components too lossy, and cavities too bulky, 
the design of compact, sharp cut-off filters for the )requencies 
between 200 and 1000 MHz poses a problem. 
In designing the Model 78101A ECG Telemetry Receiver, * we 
faced this problem. Here was needed a filter that would remove 
an image frequency at 423 MHz without overly attenuating the 
carrier at 467 MHz (IF of 22 MHz and LO at 445 MHz). Ordinari- 
ly this would be done with bandpass filters, several in series be- 
ing required to get adequate rejection in this frequency band. 
Several filters in series, though, means considerable loss. 
This problem was solved by using a transmission-line filter. 
This filter is not only effective, but it is also inexpensive. 
Shown in the drawing below, the filter has two transmission- 
line sections that form a series-resonant trap for the image fre- 
quency and a parallel-resonant passband for the carrier. Oper- 
ation is as follows: Capacitor C1 tunes transmission-line Z1 to 
series resonance at 423 MHz, thus effectively shorting out any 


Signal Flow 


signals at the image frequency. At higher frequencies, Z1 is in- 
ductive but transmission-line Z2, being shorter, is capacitive. 
C2 is tuned to resonate Z2 with Z1 at 467 MHz so the carrier 
‘sees’ a parallel resonant circuit, and passes with negligible 
loss. 

As shown in the plot of frequency response, this design easi- 
ly achieves more than 35 GB rejection of signals at the imoge fre- 
quency in a 500 system, and more than 45 dB in a 2002! sys- 
tem. 

Design Execution 

There are a number of ways that such a circuit can be con- 
structed. Using lengths of coaxial cable was not entirely satis- 
factory, however, because the fringing fields at the open ends. 
of the cable where the capacitors are attached interacted with 


other filters nearby. ei 
*1arsen et al, ‘An Effective ECG Telemetry System," Hewlett-Packard Journal, Apri! 1972. 
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502 System 


2002 System 


Atienuation dB 


—40 


460 
Frequency (MHz) 


430 500 


The design that evolved uses a long, narrow, sheet-metal box 
with an open side that is clamped to the ground plane of a 
printed-circuit board, forming the outer conductor of a coaxial 
line. The center conductor is a flat bar mounted at each end by 
a trimmer capacitor, as shown in the drawing. This forms a 
completely shielded, low-loss, air-dielectric transmissicn line. 


Center 


’ Conductor 
Variable 


Capacitor 


Signai Conductor 


The single structure contains both sections of coaxial line. 
The signal lead, brought from the other side of the printed-cir- 
cuit board through a hole in the ground plane, attaches to the 
center conductor ai the point that divides the line into the ser- 
ies-resonant and parallel-resonant sections. Actually, two sig- 
nal leads are used, one for the input to the filter and one for the 
output, elimixating a common impedance between input and 
output that would degrade performance. These leads attach on 
opposite sides of the center-conductor bar. 

Two of these filters are used in the HP Model 78101A ECG 
Telemetry Receiver, one at the antenna input and one at the 
output of the two-stage tuned RF amplifier. Overall, an image 
frequency rejecticn of more than 100 dB is objgined. 


James Larsen 
Richard Dilman 
Richard Tverdoch 


Medical Electronics Division 
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E. Practical Resonators 

The preceding considerations are all based on ideal lossless lines and 
all resonators constructed from such ideal components would have infinite Q. 
Hence, when designing resonators from Cfananiseion lines even very small loss 
cannot be ignored. 

To find the relationship of Q to line loss we begin by a consideration 
of the decay of energy in a transmission line resonator. Imagine such a reso- 
nator excited with a steady state source and, at t = 0, the source is discon- 
nected. Oscillations will decay exponentially with time exactly as they built 
up exponentially when the source was first connected, a situation observed in 
several applications discussed previously. The decay of the terminal voltage 
of the resonator is plotted in Fig. 3. If we call the voltage at t = 0 (switch 
opening) V’, then the voltage one oscillation period later is given by 

Ui s=evine ©. (11) 
where — is the decay constant. The initial energy stored in the resonator is 
proportional to the initial terminal voltage squared, hence 

Wiese et 2 (12) 
The energy dissipated during the first cycle must be the difference between 
the energy given by (12) and that stored after a time T, 

Waiss/cycle ra Veh acs Ie ale a2) 


or using (11) 


MEG 


Seal | > (lemma) Oana (14) 
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Since the fundamental definition of quality factor is given by 


27 W 
7 stored max 4 Y téred max 
Q = eG Te =z a en ee ’ (15) 
diss/cycle diss 
we have, using (12) and (13), 


2G 


Q= Rain2e ‘ (16) 
For high Q (Q>10) and high frequencies 

2—t << 1 and inches ig goer (17) 
hence Eq. 16 becomes 

ee : (18) 
For example, since now 

v=v’ Qn Tt/ 2) ; (19) 


a resonator at 100 MHz having a Q of 3000 would have its voltage decay to 37% 
of its initial value in about 10 usec. 

It is now a simple matter to relate the decay constant, €, to the attenu- 
ation constant, a, of the line. Since the transmission’line supports traveling 
waves, one can view the voltage decay either as a function of time at a fixed 
point or as a function distance at a fixed time. Since the waves travel one 
wavelength in one period, the voltage as a function of distance equation analo- 
gous to Eq. 11 is 

V=v’e 
=v’ eka! (20) 
Hence comparing (11) and (20) one sees 
aA = €T . (21) 
Using (21) in (18) then gives 


Pu 
Q= aie (22) 


Hence, given the attenuation constant for a transmission line, the resultant Q 


of a resonator constructed from this line is determined. 
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Figure 4 shows the values of 9 that can be obtained from a resonator 
constructed from coaxial line, The line: is air insulated copper and the outer 
to inner radius ratio b/a Serer This latter condition results in optimum 9 
as will be shown shortly. Notice that the Q values are far greater than those 
expected from lumped element resonators. 
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F. Design Constraints 

We shall now examine the condition under which optimum QO\is obtained. 
Equation 22 indicates that this situation will result when the loss constant, 
Oe is a minimum. The loss constant is given by Eq. 23 for a coaxial line. 


(This equation will be derived later when skin effect is discussed.) 


ub au 
R — + 5 
ae fa (23) 
n Q£n = 
a 


where 
Rg = surface resistance of metal 
n = intrinsic impedance of dielectric. 
We wish to examine the behavior of a for the constraint of b = constant and 


Ov<a“<"b. *To this endswe form 
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Carrying out the differentiation results in 


b _ git (1/ (b/a)) 


a (25) 
The transcendental equation in (25) has the solution 

b 

sro a | | (26) 


Hence a coaxial iine will.always have minimum loss and resonators constructed 
from the line will have maximum Q when the ratio b/a = 3.6 is demanded. That 
such an optimum ratio should exist is easily justified physically. Consider 
the range of mata For small a, the center conductor will have high resistance 
and a will increase. For a approaching b, the line capacitance will increase 
and hence its characteristic resistance will decrease. This results in in- 
creased current and hence increased losses. Thus the loss will minimize some- 
where between a = 0 and a = b, namely b/a = 3.6. 

The minimum described above is rather broad and values of b/a in the 
range 

Ore eset) aso (27) 

will result in values of a within 10% of the value obtained with B/a. Sea aC cae 


Since the characteristic resistance of coaxial line is given by 


n b 
Ry Sasa aoe 28 
oe Sh a“ cat 
the value of 3.6 in Eg. 28 results in (for air insulation) 
ey. Ya Ore (29) 


0 
Considering the range described by (27) one sees that lines with characteristic 


resistances in the vicinity of 77 2 will have minimum loss. 

Consider now another criterion which may dictate the choice of trans- 
mission line, that of power handling capability. This quantity is also limited 
by small and large radii since dielectric breakdown will occur in each limit. 
For coaxial line, the maximum electric field occurs at the center conductor and 


with E given by 


(30) 


one determines 


E ee (31) 
Ymax 2Tea 


Using (31) in (30) -allows: the line voltage to be written as 


v= fe ar 
4 Ba 


= Ey a &n 2 : (32) 
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We may now express the power in terms of physical line parameters by using (32) 


and (28) in 


ive 
pe 
R 
0 Paz 
2 2 oP 
ad EYmax a (tn =) 
n b 
an a 
2 
ais 
= ee |aZzen 2 5 (33) 
nN iL a 
To maximize the power for fixed b one forms 
GPE 2 G2 = 9) Rg pub 
Aan 0 = a la Qn A ’ (34) 
which results in 
b us 
$2 at 
b 
ah L505) (35) 


Hence, the maximum power condition does not coincide with the minimum loss 
condition. 
Using Eq. 28 one sees that line constructed for maximum power will have 


a characteristic resistance of 


R 


n 
= Niet ALAS 
0 27 ie S 


is Onscuee (36) 
The commonly found line impedance of 50 2 is a compromise between the maximum 


power and minimum loss conditions. 


Stub Matching 

A. Single Stub Matching 

In many practical situations it becomes desirable to match a given load 
to a driving transmission line. In general, line losses are reduced as is 
driving point impedance variation with frequency. A simple methed of matching 
using one shunt line element is called single stub matching. 

Single stub matching can be easily understood by referring to Fig. 5. 
In view of the fact that a length of line is an impedance (or admittance) trans- 
former, we could imagine a length of line, Sy); chosen such that the reduced 


load admittance, Y’, is transformed into a reduced input admittance equal to 


Te 
1.0 + jB. Then at this point a susceptance equal to ;jB could be placed in 


shunt with the line resulting in a combined reduced input admittance of 
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py 2, 


I A 
k—— @ — 
Fig. 5 
ee = eee = 1.0. Under these conditions the line is matched. The shunt sus- 


ceptance, +jB, is conveniently obtained in practice from a variable length of 
of short-circuited line called a "stub." 

The above considerations will be clarified by an example. The 
use of the Smith chart to accomplish the design of the line lengths greatly 
simplifies the problem. Suppose a load of Z. = 20.- 3°55 2 is: placed on a 50:2 
line. The reduced load impedance is plotted in Fig. 6. Since the design prob- 
lem is greatly simplified by working in the admittance plane, we convert vat 
into vr by a 180° polar degree rotation resulting in a = 0.3 + j 0.8. We now 
seek the line length S, that will transform ve = 0.3 + j 0.8 into ee 51.0) + 
JB. Clearly, on the Smith chart this requires an electrical length of 27.5 
electrical degrees (toward the generator), thus BS, = 27.5°. At this position 
the input admittance is 1.0 + j 2.0, hence the required susceptance for the 
shunting stub must be -j 2.0. To obtain such a susceptance from a short-cir- 
cuited stub requires a length of BS, = 26.5 electrical degrees as shown in 
Fig. 6. The completed matching design is shown in Fig. 7. Note that the VSWR 
on line 1 is 5.8 while on line 2 it is», RomerSt the remainder of the sys- 
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B. Doubie Stub Matching 

The single stub matching just described has the advantage that any load 
containing a real part can be matched to any line using the procedure. However, 
the method has a practical disadvantage in that repcsitioning of the stub loca- 
tion is difficult. A method which alleviates this difficulty is double stub 
matching. One pays a price using this scheme however, in that for a given spacing 
of the two stubs not ali loads can be matched. 

A double stub matching system is shown in Fig. 8. Here two short circuited 


stubs are connected across the line and spaced by d. meters: Understanding of 


ql j 


Ss tig ee aes Wah > 


the method is best gained by considering the reduced admittance that must be 
presented by the line at’ the terminals aa’ prior to connecting stub number 2. 
That is, consider the input admittance found from Fig. 9. Making use of one's 
knowledge of single stub matching it is clear that YIN, = 1.0 + 3B’ because 
stub 2 can only add YIN, =7 33’. That is, when stub 2 is connected, the sum 


of YIN, and YIN, will result in a match. —\ 
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Since the possible values of YIN, are determined, the possible input ad- 
mittance at terminals bb’ is also determined because the transformation by line 
length d, is unique and readily obtainable from the Smith chart. That is, one 
asks the question, what admittance is required at terminals bb’ in order that 
it be transformed by line length d, into the admittance YING a1¥O74t JBe “This 
question is easily answered by referring to the Smith chart. The locus of all 
possible Yiy, is just the G'= 1 circle on the chart. Then in order to determine 
the required admittance at boa Yiny’ it is only necessary to transform each 
point on the G'= 1 circle back through Bd, electrical degrees toward the load. 
That is, a rotation on the chart through Br, electrical or 28d, polar degrees. 
Such a transformation is shown in Fig. 10. Because the circular geometry will be 


preserved when each point is rotated through the same angle, the locus of possible 


YIN» is called the "shifted G'= 1 circle." 
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The next question to answer now is, what is the required length Ry of 
stub number one? To answer this question it is required to find the input ad- 
mMittance of line dy without the: stub one connected, i.e., the input admittance 
in Fig. 11. One sees here that when the stub is connected it must be true that 

Ying): Winget Ping | (3) 
Since all possible YIN, are known (shifted G'= 1 circle), and YINa, is known 


when the load and length d, ‘are given, the stub admittance ING@ is determined. 
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Because a stub may only present susceptance, it is necessary that the value of 


G’ in the given YINg, be common to a point on the shifted G'= 1 circle. That 
is, in Smith chart terms, YING) must lie on a conductance circle that intersects 
the shifted G'= 1 circle. Since in general, not all conductance circles will 
intersect the shifted G'= 1 circle, not all loads can be matched for a given 
stub spacing. However, the range of possible matches is still large hence the 
scheme is avery practical one. From the above considerations the input sus- 
ceptance of each stub is determined, hence their lengths can be found and the 
design is complete. These ideas will now be illustrated by way of an example. 
Given a load of Zr, = 2.0 - j 1.0 and a line length 8d, = 115 electrical 
degrees with a stub spacing d, = 4/4, we proceed to determine the stub lengths 
required for a-match. Figure 12 illustrates the procedure. It is convenient 
to first find the shifted G'= 1 circle. For this case Bd, =e (2A 4) 2090 
electrical degrees (180 polar degrees). This shifted circle is shown in Fig. 
12. We next locate the reduced load impedance, convert it to admittance, and 
transform it through 115 electrical degrees of rotation toward the generator. 
This is shown in green in Fig. 12 with the result that YING, ="058 = 350.85. 
The addition of stub number one will now move this point onto the shifted circle. 
Since the real part is 0.8 we must move along the G'= 0.8 line until intersec- 
tion with the shifted circle occurs. This intersection occurs at YIND = 0.8 - 


j 0.4, hence the required stub admittance is from (37) 
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’ eG ray & 

Ying, 7 YINy 7 *INa, 

0.8 - 3 0.4 - 0.8 + j 0.85 

+j 0145. : (38) 


A short circuited stub with this value of susceptance is found from the chart 
to be 114 electrical degrees long. 

We now move through 90 electrical degrees (A/4) toward the generator as 
dictated by line length d, to determine that the intersection with the actual 
G'= 1 circle is YING = 1.0 + 3 0.5. Hence stub two must provide -j 0.5 for a 
match. Again from the chart such a stub would be 63.5 electrical degrees long. 

If the intersection with the shifted G'= 1 circle had not been obtained 
it would have been necessary to change either the distance d, or d,- Again 
standing waves appear on all sections of line between the load and terminals aa’ 


but the line is matched at aa’. 


Balanced to Unbalanced Conversion 

The terms "balanced" and "unbalanced" when associated with a transmission 
line refer to the impedance of each conductor with reference to the ground plane. 
That is, a line such as 300 ohm television "twin lead" is a balanced line since 
each conductor with respect to the ground plane presentsan equal impedance, 
while coaxial line is unbalanced since one conductor is common with the ground 
plane. Obviously if such impedances are not to be discontinuous, balanced and 
unbalanced lines cannot be connected in tandem even though their characteristic 
impedances be equal. At low frequencies such an interconnection could be accom- 
plished by insertion of a transformer. In the transformer familiar at low fre- 
quencies magnetic coupling predominates. The same transformer operated at high 
frequencies behaves quite differently since now the previously negligible capaci- 
tive coupling becomes significant and will eventually predominate. Hence special 
techniques must be used at high frequencies to perform balanced to unbalanced 


coupling. 


A. Transmission Line BALUN 

BALUN is an acronym for balanced to unbalanced transformer. Figure 13 
shows the basic transmission line balun for a 4:1 impedance tranformation. The 
two quarter wavelength lines are connected in series on the balanced end to 
yield Zoe while on the unbalanced end the parallel connection yields Z)/4. Note 
that the normal transmission line modes are excited in each of the 2/2 lines. 
Furthermore, when looking into the balun from the right hand side, the ground at 


the unbalanced ‘line on wire 4 is not seen between terminal 6 and ground because 
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of the quarter wavelength and thus the balanced line remains balanced to ground. 


Likewise the ground at terminal 7 is not seen across the unbalanced line at the 


left,again because of the quarter wavelength of line in between. 


Awbale peed 


Fig: 13 


Such a balun as described above is narrow band because of the required 
—A/4 length lines. _Broadbanding can be accomplished by winding the Z)/2 lines 
in the form of a coil. With bifilar winding (maintaining the two wires parallel 
to each other) the characteristic impedance 2/2 can be preserved while currents 
that would exist in the wires because of the grounds on each end are choked be- 
cause of the coil inductance. Hence coiling the lines yields the same effect as 
afforded by the quarter wave lines however this method produces a broadband de- 
vice. Ferrite cores (especially toroidal) are also used for this purpose. The 
coil balun is an excellent example of a lumped element dewice that is designed 
using distributed element concepts in order to extend its range into the high 
frequency region. Note that in such a device the ever present capacitive coupling 
is incorporated into the transmission line and hence cannot exert its deleterious 
effect as a lumped element, furthermore a symmetry is seen here which is not seen 
in the low frequency transformer. 

Many forms of baluns are possible including those for other than the 4:1 
impedance ratio. A simple coaxial balum is shown in Fig. 14. Viewing from the 
balanced line one sees that the impedance’ to ground from terminal a and from 
terminal a’ is identical because these points are separated by A/2 on line l. 
Hence the balance on the 300 Q line is maintained. The impedance transformation 
however is 4:1 ries the unbalanced line terminal voltage and current are V and 
I respectively. However, the balanced line current is I/2 while the voltage is 
2V. That is, the voltage aa’ is 2V because the voltage from a’ to ground is -V 


as a result of the BR, = (21/x) (A/2) = 17 radians of phase shift between a and a’. 
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Fig. 14 


Figure 15 shows a coaxial balun commonly called a "bazooka." This balun 
allows a balanced antenna to be fed from an unbalanced line. If the balanced 
antenna were to be connected directly to the feed line, currents would appear on 
the outside of the coax sheath which would greatly modify the antenna's charac- 
teristics. These currents are prevented and the antenna is maintained balanced 
by the shorted quarter wave choke which presents an infinite impedance to these 


currents at the antenna terminals. 
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